Abstract-The supply-side current of an inverter-fed induction motor (IM) is easily accessible and less affected by noises than the motor stator current. This paper proposes a novel sensorless speed estimation method for an IM using the spectrum of the supply-side current. However, due to the influence of fundamental supply frequency, it is difficult to carry out the speed detection straight from the supply-side current signal. In this paper, an analytic model for characterizing the supply-side current of an inverter-fed IM using the modulation theory and the switching function concept is developed. Then, the Hilbert transform is applied to extract the speed harmonic component from the supply-side current. Finally, an interpolated Goertzel algorithm is put forward to enhance the estimation precision of IM speed. The performance of the proposed sensorless speed estimation method is proved by the speed estimation results obtained from hardware experiments of an IM fed by an inverter under different load conditions.
I. INTRODUCTION

I
NDUCTION motors (IMs) have been extensively used for electromechanical energy conversion in industrial applications due to their high reliability and simple construction. Information concerning motor operating speed is indispensable in some electrical engineering applications [1] - [3] , such as IM condition monitoring and speed-controlled system. IM speed can be directly measured through shaft-mounted tachometers or optical encoders. However, such shaft-mounted speed sensors usually require increased hardware complexity. Therefore, many sensorless speed estimation approaches have been put forward for estimating the motor speed. IM sensorless speed estimation methods which have been studied in the literature can be generally divided into the following three major types: 1) methods based on signal-injection [4] ; 2) methods based on mathematical models [2] ; 3) methods based on machine saliency [1] , [5] - [10] .
The sensorless speed estimation methods based on machine saliency have been studied extensively. The saliencies which are usually employed for IM speed estimation are the rotor slot harmonics (RSH) [1] , [5] , [6] . In recent years, however, studies have demonstrated that the existence of RSH mainly relies on the combination of the number of pole pairs and rotor slots of a motor [11] . Therefore, RSH does not exist for some pole-pair and rotor-slot combinations. However, in practice, a small inherent eccentricity (below 10%) always exists in IMs as a result of imperfections in manufacturing and installation process [12] . Therefore, the speed estimation methods using the eccentricity harmonics have drawn considerable attention [7] - [10] . For example, Arkan employed space vector angular fluctuation (SVAF) and zero-crossing times (ZCT) for IM speed estimation [7] . Shi et al. first utilized the Hilbert transform to demodulate the stator current, the speed harmonic component was estimated by the Interpolated Fast Fourier Transform (IFFT) algorithm to detect IM speed [8] . Wang et al. presented a high resolution spectrum analysis of SVAF to detect IM speed under the transient conditions [9] . Song et al. used Teager-Kaiser Energy Operator (TKEO) integrated with IFFT to estimate the speed of a line-connected IM [10] . However, these IFFT-based algorithms always need to compute the whole frequency components, the great majority of which is not really needed in the speed estimation. Furthermore, at present, the speed estimation for inverter-fed IMs mostly depends on stator current spectral analysis. However, the inverter-fed IM stator current usually suffers serious noise pollution, which is caused by the switching process and electromagnetic interference (EMI) effects [13] , [14] . These inherent floor noises can considerably weaken the likelihood in the identification of the speed harmonic component. Additionally, due to the special working environment of the IM, such as an IM working in a small or deep water environment, it is relatively inconvenient to install a current sensor on the IM in the field. Unlike the stator current, the supply side current of an inverter-fed IM is easily accessible and practically unaffected by EMI effects [15] . This paper introduces a novel method to estimate the speed harmonic component using the spectrum analysis of the supply side current. The proposed speed estimation algorithm only needs to compute the frequency components around the speed harmonic component by employing the Hilbert transform and an interpolated Goertzel algorithm. The use of the Hilbert transform helps distinguish the speed harmonic component which is influenced by the fundamental supply component. In order to further improve the estimation accuracy, an interpolated Goertzel algorithm is proposed and used to extract the speed harmonic component. The experimental results of an inverterfed IM operated at the rated frequency and under different loads have demonstrated the performance of the proposed method.
This paper is arranged as follows. Section II describes the interrelation between the IM speed and the eccentricity harmonic components. Section III presents an analysis for characterizing the supply side current of an inverter-fed IM, based upon modulation theory and switching function concept. Following this discussion, the use of the Hilbert transform for extracting speed harmonic component from the supply side current is introduced in Section IV. In Section V, the interpolated Goertzel algorithm is applied to improve the precision of the IM speed estimation. Section VI presents the experimental platform and results to demonstrate the performance of the proposed sensorless speed estimation method. Finally, conclusions are stated in the last section.
II. ECCENTRICITY AND SPEED HARMONIC COMPONENT
When an IM is healthy and ideal, the center of the rotor coincides completely with the stator bore center creating a uniform airgap inside the IM. IM eccentricity is the situation where an asymmetrical airgap appears due to a deficiency in the manufacturing and installation process [9] , [12] . In fact, an acceptable level of airgap eccentricity is 10% for a healthy IM [15] . There are two different kinds of airgap eccentricity in IM: static and dynamic eccentricity [8] . In any motor, static eccentricity and dynamic eccentricity usually coexist at the same time and are known as airgap mixed eccentricity. Under the condition of mixed eccentricity, the eccentricity side-band harmonic components f ec are present around the IM operating frequency f s in the spectrum of an IM stator current, in which f ec can be expressed as [8] 
where m = 1, 2, 3, . . . is the order of eccentricity harmonics, s is the IM slip, and p is the number of IM pole pairs. The slip s of an IM refers to the difference between the rotor speed f r and the synchronous speed f sy n
Substituting (2) into (1) we can obtain
As it can be seen from (3), the eccentricity harmonics have a certain inherent relation with the IM speed and operating frequency. Therefore, the IM speed can be obtained by estimating the eccentricity harmonic components from the stator current spectrum. Usually, the first order eccentricity harmonics (where m = 1) are used to estimate the motor speed. [16] . Using the switching function concept is an effective way to characterize current generated by VSI-fed IMs [17] , [18] . In this section, the method using the switching function to characterize the supply side current is first presented. Then its application for IM speed estimation is discussed.
A. Switching Functions of PWM VSI-Fed IM Drive
The simplified diagram of a common VSI-fed drive used in industry is shown in Fig. 1 . It is comprised of a three-phase diode rectifier, a DC link filter, and a three-phase PWM inverter feeding a three-phase IM. Symbols S a , S b , and S c represent the three-phase switching functions of the rectifier. The switching functions of the PWM inverter using the switching function concept are denoted by S A , S B , and S C . i a , i b , and i c represent the three-phase ac side currents (i.e., the supply side currents), i d represents rectifier output current, i D represents the inverter input dc current, i A , i B , and i C represent the three-phase IM currents. According to the modulation theory and switching function concept, the current relationships of the VSI-fed drive can be expressed by (4) and (5) .
The three phase switching functions S A , S B , and S C for a two level natural-sampling triangle carrier can be described as (6)-(8) [18] ,
The three-phase switching functions of rectifier S a , S b , and S c are defined as (9)- (11) [18] :
where M is the modulation ratio; w s = 2πf s is the modulation frequency (rad/s); w c is the carrier frequency (rad/s); w 1 = 2πf 1 is the power supply frequency (rad/s); N is the ratio of the carrier frequency to the modulating wave frequency; α is the rectifier control angle; and J 0 , J n are Bessel functions of the first kind in order 0, n, respectively.
B. Model of Supply Side Current for Speed Estimation
In an ideal situation, the three-phase stator current of an IM only has fundamental frequency component at w s . But as stated in Section II, eccentricity harmonics always exist in an induction motor due to the imperfection in manufacturing and installation process. Then the stator current will include the sideband eccentricity harmonic components (w s ± w r ). Taking the fundamental frequency component w s and the side-band eccentricity harmonic components (w s ± w r ) into consideration, the three-phase stator current can be expressed as
where I 0 and ϕ are the peak value and initial phase angle of the frequency component at w s ; w r = 2πf r is the IM speed (rad/s); I l and I r are the peak value of the eccentricity current harmonics at (w s − w r ) and (w s + w r ); ϕ l and ϕ r are the initial phase angles of the eccentricity current harmonics at (w s − w r ) and (w s + w r ).
In Section III-A, we have shown the relationship of the supply side current and motor stator current (Equation (5) and (6)). The three-phase switching functions of the inverter and rectifier have also been introduced. In the following theoretical derivation process to obtain the analytic model of the supply side current, we would like to show how the side-band eccentricity harmonic components can pass from the motor side to the diode input side.
Substituting (6)- (8) and (12)- (14) into (5) we can get the PWM inverter input dc current i D as
The dc link capacitor in fact acts as a lowpass filter, we therefore can assume that the rectifier output current i d (t) only contains low frequency components i D (t).
Once the output current harmonics of the rectifier i d (t) are obtained, the supply side current i a can then be computed using the switching function of the rectifier,
where i h represents the related higher order harmonic components. This equation shows that the sideband eccentricity harmonic components (w 1 ± w r ) can be found in the spectrum of the supply side current. Therefore, the supply side current is suitable to the speed detection of an IM motor driven by a PWM-based inverter. However, the side-band eccentricity harmonic components that contain the IM speed information are modulated by the fundamental supply frequency f 1 in the supply side current spectrum. Therefore, the side-band eccentricity harmonic components (w 1 ± w r ) are easily submerged by the spectrum leak of the fundamental supply frequency of the supply side current. So, it is challenging to directly identify the sideband eccentricity harmonic components in the supply side current spectrum. Thus, there is a need for a demodulation process that can extract the speed harmonic component from the supply side current signal.
IV. SPEED HARMONIC COMPONENT EXTRACTION USING HILBERT TRANSFORM
As mentioned previously, due to the modulation and the spectrum leak, the sideband eccentricity harmonic components are submerged in the heavy background of the fundamental frequency of the supply side current. The Hilbert transform (HT) has been proven to be an effective technique for demodulation [19] , [20] .
A. Hilbert Transform
The Hilbert transform (HT) has been widely used to extract the envelope of a modulated signal. Let us consider a continuous real signal x(t), then the HT transform y(t) of x(t) can be described as [20] 
where * means a convolution operator. If combining x(t) with y(t), we can get an analytic signal of x(t) as
where the instantaneous envelope of z(t) is x 2 (t) + y 2 (t).
B. HT Transform of the Supply Side Current
If the sideband eccentricity harmonic components are the only consideration, the supply side current can be simplified as shown in (20),
Then, applying Hilbert transform to (20) , we obtain 
From (22), we can get
After the demodulation applied to (23) , it can be shown that only speed harmonic component w r which is precisely related to the motor speed remains, instead of two sideband eccentricity harmonic components (w 1 ± w r ). Due to the spectrum leakage of the fundamental frequency component at w 1 has been restrained in the instantaneous envelope; the speed harmonic component can be detected more easily with the spectrum of a(t) than the spectrum of the supply side current i a (t).
V. INTERPOLATED GOERTZEL ALGORITHM
The Discrete Fourier Transform (DFT) is currently the most frequently used method for spectral analysis of a finite discrete sequence, but has a large computational complexity as the number of samples grow. Thus, in practice DFT usually is computed via the Fast Fourier Transform (FFT). However, the FFT algorithm requires the computation of all the frequency components. When only a few DFT frequencies are of interest, it is more suitable to employ the Goertzel algorithm.
A. Goertzel Algorithm
The Goertzel algorithm is a simple algorithm for computing DFT coefficients. It allows all computation to be carried out in a second order infinite impulse response linear system. For a signal x [n] with N points and sampling frequency of f sp , the realization of the Goertzel algorithm in finding the DFT coefficient X[k] for frequency f int can be described by the following difference equations [21] 
where
s[n] is the intermediate value, s[−1] = s[−2] = 0, and
at the frequency of interest. Fig. 2 displays the signal flow diagram of the Goertzel algorithm. It is comprised of two parts: a feedback and a feedforward part. The feedback part is carried out at each iteration using equation (22), while the feedforward part is carried out only after the final iteration using equation (23) [21]. The Goertzel algorithm is more effective compared to the FFT when the desired frequency components is less than 2 log 2 N [21] .
It is well known, DFT is accurate only when the sampling period is satisfied with the Nyquist sampling criterion and the sampling period is an integer number of the signal period [22] , [23] . When the signal frequency is not integral multiples of the frequency resolution f sp /N , the signal frequency is located in the adjacent two peaks of the main lobe instead of in the center of the main lobe (see Fig. 3 ). Thus, the error arises as the result of the leakage and picket fence effect. Regardless of using any type of window functions, leakage effect always more or less exists in the DFT, but the picket fence effects can be eliminated using an interpolation algorithm [23] . The Goertzel algorithm is employed to calculate the DFT values and the signal analysis frequency is kf sp /N . Therefore, it also suffers the same effects as those associated with DFT. These effects will lead to large errors in IM speed detection by the Goertzel approach. For the sake of getting a better accuracy of speed estimation and reducing the computation load, an interpolated Goertzel algorithm is proposed in this paper.
B. Interpolated Goertzel Algorithm
In order to introduce the proposed interpolated Goertzel algorithm, we first assume that the frequency interval of interest is [k l , k r ]f sp /N (k l and k r are integers), where only one real amplitude peak exists. In this paper we only investigate the rectangular window. The discrete normalized rectangular window is defined by the following relation (Δt = 1, T = N Δt = N ):
where T and N are the size of the window function. The spectral modular function of the normalized window in the main lobe is described as [24] W (f 1 ) = sin(πf 1 ) As shown in Fig. 3 , the real amplitude peak can be found between the neighboring peaks at y k (N ) = X(k) and y k +1 (N ) = X(k + 1) (k l < k < k + 1 < k r ), and the corresponding indices are marked as k and k + 1, respectively. Similar to the classic two-point interpolated DFT algorithm, we also introduce v defined as the ratio of the two largest magnitudes [8] 
is the length between the real peak point and the lift side peak point as illustrated in Fig. 3 .
From (26) we can obtain
Substituting (28) into (27) yields
Therefore, the real signal frequency obtained by the interpolated Goertzel algorithm can be expressed as
The relevant amplitude of the signal can be obtained by
To verify the usefulness of the above algorithm, a simulated signal (x = sin(2π27.2162t + 17π/45)) was generated. In order to further demonstrate the robustness of the above algorithm under different noise conditions, the synthesized signal of the standard period signal plus different white noise signals is also introduced. Ten data sets were sampled at the frequency of 4 kHz and 4096 sampling points are included in each data set. Table I shows the estimated results of ten data sets obtained by the Goertzel and Interpolated Goertzel methods, in which the noise-tosignal ratio vary from 0% to 30%. From the results in Table I , we can see that the estimation error obtained by Goertzel algorithm is considerably larger under different noise levels. However, as shown in Table I , the estimated results obtained by the interpolated Goertzel algorithm has higher estimation accuracy and better robustness. This simulation study demonstrates that even if there were many noise disturbances, the interpolated Goertzel algorithm can be used to enhance the accuracy of the frequency estimation.
VI. MOTOR SPEED ESTIMATION AND EXPERIMENTAL VERIFICATION
A. Motor Speed Estimation
By integrating the algorithms developed and presented in the previous sections, an efficient motor speed estimation mechanism is proposed in this section. Fig. 4 shows the schematic graph of the proposed IM sensorless speed eatimation method. The proposed motor speed estimation algorithm consists of four components: supply side current acquisition; demodulation, the interpolated Goertzel spectral analysis; and motor speed error identification. The supply side current of one phase is collected and then sent to the Hilbert transform to obtain amplitude demodulation component, where the instantaneous envelope of the current signal is extracted. Then, the speed harmonic component is estimated by the interpolated Goertzel algorithm. Depending on the speeds measured by tachometer and estimated by the proposed spectral peak searching algorithm, the estimation error of the motor speeds can be evaluated and determined.
B. Experimental Platform Setup for Validation
For the purpose of verifying the performance of the proposed algorithm, an experimental platform was setup for IM speed estimation in a PWM VSI-fed IM drive. Fig. 5 shows the schematic graph of the experimental platform. The rated parameters of the IM under test are presented in Table II . The IM was driven by a Siemens micromaster 440 inverter, which actually consists of a rectifier and an inverter as shown in Fig. 1 . In order to adjust the IM speed, a DC motor was linked to the shaft of the IM. The DC motor fed a set of external resistor banks. By changing the size of external resistance, the IM can be identically loaded at different speed. A handhold photoelectric tachometer (F931) was used to measure the rotor speed. As the data acquisition card can only measure the voltage signal with the maximum amplitude of 10V, the current signal was first collected using the TBC300LTP hall effect sensor and then turned into corresponding voltage signal. The NI data acquisition card (6216) connected with a computer converted the analog voltage signal into corresponding digital signal which was stored into the computer memory. Fig. 6 displays a picture of the experimental platform.
During the experiments, the supply side current and motor stator current were collected under several different load conditions. At every load condition, six current signal segments were gathered. Both supply side current and motor stator current were sampled at a rate of 6 kHz. Fig. 7 shows the supply side current and motor stator current, respectively, when the IM is running in steady state operation (f r = 24.6441 Hz). As it can be seen from Fig. 7(b) , because of the influence of the PWM process, IM stator current is severely polluted. Compared with the IM stator current, the supply side current is less affected by noise ( Fig. 7(a) ). Moreover, the supply side current can be collected conveniently. Fig. 8 shows the FFT spectrum of the supply side current and instantaneous envelope, respectively, when the motor is running at the speed of 24.6441Hz. From Fig. 8(a) we can see that the supply component f 1 is more obvious than the eccentricity components (f 1 − f r , f 1 + f r ) in the FFT spectrum of the supply side current. Therefore, it is comparatively difficult to carry out speed detection straight from the supply side current signal. To avoid the disturbance of the fundamental supply component, the Hilbert transform is used to demodulate the supply side current and the corresponding envelope is obtained. Conversely, in the instantaneous envelope spectrum (Fig. 8(b) ), the speed component f r is the strongest one. Fig. 9 shows the spectrum (k l = 54, k r = 78) of the supply side current produced by the Goertzel algorithm. In Fig. 9(a) , it can be seen that only a subset of the frequency components around the speed component f r are computed. In order to further improve the speed estimation accuracy of IM, the proposed interpolated Goertzel algorithm is used. The red dots in Fig. 9(a) and (b) are the peak modified by the interpolated Goertzel algorithm. The experimental results indicate that the motor speed can be estimated more correctly using the Interpolated Goertzel algorithm. Table III shows the results of the estimated speed using the supply side current compared with the results of the estimated speed using the motor stator current when the IM runs under different load conditions. From the Table III, it can be seen, that due to the resolution of spectrum obtained by the Goertzel algorithm is low, a severe speed error exists using both the supply side current and motor stator current. In this situation, the noise in the motor stator current signal does not have a major impact on the speed estimation results. Therefore, the errors of speed estimated by using the supply side current and the errors estimated by using the motor stator current are identical, indicating potential benefit of using the supply side current for IM speed estimation. This also demonstrates that the supply side current can be used for IM speed estimation. On the other hand, it can be seen from the Table III that the speed estimated by the proposed interpolated Goertzel algorithm is much closer to the measured speed by using the supply side current and the motor stator current. However, due to the inverter-fed IM stator current suffers serious noise pollution, it can be seen that the speed estimated using the supply side current can achieve higher precision compared with the speed estimated using the motor stator current. Fig. 10 shows a comparison between the speeds estimated by using the proposed algorithm applied to several different sets of measured supply-side current and motor stator current data at different load conditions. In the figure, the blue lines "--" represent the speeds measured by the tachometer at different load conditions. These results further demonstrate that the speed estimated using the supply side current has satisfying accuracy and preferable robustness using the proposed method.
C. Experiment Results and Discussions
VII. CONCLUSION
This paper presents a new IM speed estimation method based on the spectral analysis of the instantaneous envelope of the supply side current at the input terminal of the motor inverter. The demodulation technique based on the Hilbert transform is first employed to compute the supply side current envelope, which contains speed harmonic component. The interpolated Goertzel algorithm is then introduced to enhance the accuracy of the speed estimation. The effectiveness and the excellent performance of the presented algorithm is proved by experimental results obtained from an induction motor driven by a Siemens inverter at different load conditions. The experimental results also demonstrate the accuracy and robustness of the speed estimated from measured data of the supply side current at different motor operating conditions.
In the future works, a sliding interpolated Goertzel algorithm will be investigated to estimate the IM speed using the supply side current under transient conditions, such as startup and braking conditions. Additionally, the influence of different IM supply frequencies to the proposed method will also be evaluated. 
